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By dimensional reduction, Einstein-Hermitian equations of n + 1 dimensional closed 
Kahler manifolds lead to vortex equations of n dimensional closed Kahler manifolds. A 
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ical invariance by adding the additional terms which have ghost fields. Henceforth we 
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1. Introduction 

At Yang-Mills gauge theory on four manifolds Witten|l| set up the relativistic field 
theory with a global fermionic symmetry similar to BRST symmetry. This field theory 
has been called by topological quantum field theory (TQFT). TQFT could be constructed 
by BRST gauge fixing on the Yang-Mills instantons space of anti-self dual equations 0. 
That anti-self dual equations arise as minimizing conditions for gauge invariant functional. 
In two and tree manifolds as minimizing conditions we can choose the self dual and anti- 
self dual Yang-Mills equations, and vortex equations and monopole equations which have 
Higgs fields. Some authors showed that by choosing the solutions space of those equations 
as gauge fixing condition TQFT can be constructed^ || 1|. 

If one considers a closed Kahler manifold and considers unitary connection on a com- 
plex bundle, the equations for the minima are the Einstein-Hermitian equations. The 
conditions for the existence of solutions of the Hermition-Eistein equations can be re- 
lated to the stability of the holomorphic bundle. On the complex surface one can set up 
TQFT0§. 

Bradlow[|9f ||10|| showed that existing the global minima of the Yang-Mills-Higgs is 
extended into arbitrary dimensional closed Kahler manifolds, and studied the necessary 
and sufficient conditions for the existance of solutions to the vortex equations. 

We will show that the vortex equations is obtained by demensional reduction of 
Einstein-Hermitian equations. In this scheme we will construct topological field theory 
over vortices, that is, a Yang-Mills-Higgs functional to unitary bundle over closed Kahler 
manifolds has fermionic symmetry. 

In section 2, we review the moduli space on closed Kahler manifolds and intend to 
obtain the vortex equations from dimensional reduction n+1 into n dimensional manifolds. 
In section 3, we show that the Yang-Mills-Higgs theory has fermionic symmetry (topological 
symmetry) over vortices space. In section 4, on 2-dimension Kahler manifolds we construct 
the topological invariant observables. 
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2. The moduli space of Yang-Mills Theory on closed Kahler Manifolds 

2.1. The Einstein- Hermition Structure 

Let X be a closed Kahler manifold of complex dimension n and let uj be the Kahler 
form. Let E be a complex vector bundle of rank n over X. We will consider the vector 
bundle E to be endowed with a fixed hermitian metric h. The Hermitian metric h in E is 
a smooth field of Hermitian inner products in the fibers of E such that 



We call (E, h) an Hermitian vector bundle. Let A(h) denote connections on E that are 

unitary with respect to H. We use the following; 

Q p ' q (X) = the space of (p, q) -forms over X, 

Q p > q (X, E) = the space of (p, g)-forms with values in E, 

Q p > q (X, End E) = the space of (p, g)-forms with values in the endomorphism bundle of E. 
All the spaces carry hermitioan metric induced by Kahler metric on X and the metric 
on E. So we lead to identifications E m E* and E <g> E* ps End E. We define the dual 
operator 



h(£, rj) is linear in £, where £,n G E, 



'X i 



(2.1) 



h(t,t)>0 ^0, 



h(£, rj) is a smooth function if £ and n are smooth sections. 



* : Q p ' q 




(2.2) 



We define an inner product in the space of (p, g)-forms on X by setting 




(2.3) 



On Kahler manifold with Kahler form uj, we can define a map 



L : n p ' q (X, E) -> n p+1 > q+1 (x, E) 
2 



(2.4) 



by 

L(a)=aAuj. (2.5) 

The adjoint of this map for the inner product ( |2.3p is given by A such that 

A : Q p ' q (X, E) — > Q p ~ 1 ' q ~ 1 (X, E). (2.6) 

Let d,A = d + A be a connection in E. We can split of dA into 9,4 + 8 a on complex 
vector bundle over X where 

8 A : n p > q (X,E) -> fF +1 ' 9 (A:,F), 

(2.7) 

a A = a + a' 

and 

a A : n p ' q (x,E) -> fP' 9+1 (A:,£), 

(2.8) 

We will denote F the curvature of d^, i.e. F = ^ ° 6 Q 2 (X, End E). Then we 
can decompose as 

F = F 2,0 + F 1,1 + F ' 2 , (2.9) 

where 

F 2 ' = d A od A e n 2 '-°(X, End E), F ' 2 = 8 A o8 A e n°' 2 (X, End E), 

(2.10) 

F ' = (d A od A + d A o d A ) e fi M (A:, Fnd F). 

F > can be decompose into 

F 1,1 = Fq' 1 + F° ■ uj, (2.11) 

where Fq 1 ' 1 consists of forms orthogonal to w. A connection dA is called integrable if 
(9a) 2 = 0. If dA is a connection in E such that (8a) 2 = 0, 8a defines a holomorphic 
structure on E. A section £ G 0°(X, F) is called holomorphic if and only if 8a£, = 0. The 
complex vector bundles which admit holomorphic structures is called vector bundle over a 
complex manifold M. From now on we shall study holomorphic vector bundle. 

Let TC(h) denote the subset of A(h) consisting of dA = 8a + 8a such that 8a ° 8a = 
and let S(h) denote the subset of TC(h) consisting of Einstein-Hermitian connections dA, 
i.e. 

£{h) = {d A e H(h)\iAF = d E } (2.12) 
where c is a constant and Ie £ 0°(x, End E) is the identity section. 
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2. 2. Vortices 

Let Q°(X,E) denote the smooth sections of E. We consider integrable unitary con- 
nections belonging to ^4 1 ' 1 (/i) such that 

A hl (h) = {d A eA hl \F ^ = 0} (2.13) 

and the pairs (cLa, m ip C A 1,1 x Q°(X, E) where 

e = {(5 A ,$) eA 1 ' 1 xft (X,E)\5 A ® = 0}. (2.14) 

The complex gauge group acts on both these spaces by 

9(9a) = 9°d A °g~ l , 

This vector valued function $ is called a Higgs field. 

Among the triple (5a, h) G ©, if it satisfys the equations, 

5 A ® = o, 



(2.15) 



1 h 1 (2- 16 ) 

2 2 



iAFq a ^ + ^®$* h - ^tI e = 



we will call the metics h r-Hermitian-Yang-Mills-Higgs metrics. Here Fg A h is the curvature 
of the metric connection compatible with 5a and h and <&* h denote that the adjoint is taken 
with respect to the metric h. 

Bradlow|§ presented that the triple (dA,&,h) satisfied Eq. (|2.16| ) are global minima 
of the Yang-Mills-Higgs action. 

2.3. The Dimensional Reduction 

We consider the n + 1 dimensional closed Kahler complex manifold. We will show that 
with the dimensional reduction n + 1 dimension to n dimension manifold, the Einstein- 
Hermitian condition on the n + 1 dimensional manifold leads to the Hermitian-Higgs con- 
dition on the n dimensional manifold. 



The connection is described by 

A = A[d Zl + ■■■ + A' n+1 dz n+1 + A'ldzt + ■■■ + A'^ +1 dz n+1 . (2.17) 

We now assume that the connections Ai are independent of the coordinates, z n +i and 
z n +i, and define functions of (z\, • ■ ■ , z n , z\, ■ ■ • , z n ). Thus over n dimensional manifold we 
can define the connection 

A = A\dz x H + A' n dz n + A'{dzt H + A'^dz n , (2.18) 

and A' n+1 and A" +1 relabel as $* and $ which are independent of z n+ i and z n +i- We 
denote F the curvature form of vector bundle over n + 1 dimensional manifold and F the 
curvature form of vector bundle over n dimensional manifold. 

We assume that the curvature F of the vector bundle over the (n + 1) dimensional 
base manifold M can be rewritten by 

F = F 2,0 + F 0,2 + F 1 ' 1 + d A §* A dz n+1 + d A ® A dz n+1 + $*dz n+1 A $dz n+1 (2.19) 

where F's are the curvature of vector bundle over the n dimensional base manifold X and 
$ independent of {z n +i, ^n+i} relabels the (n + l)th component of the connection. 
The integrable condition F ' 2 = on the n + 1 dimensional manifold leads to 

F ' 2 = 0, 

(2.20) 

<9 A $ = 0. 

on the n dimensional manifold. The first equation denotes the integrable condition on the n 
dimensional manifold and the second equation describes that $ has holomorpic condition. 
For the Einstein-Hermitian condition on the n + 1 dimensional manifold, iAF = cIe leads 
to vortex equation, 

iAF + ® $* = \tI e (2.21) 
on the n dimensional manifold where we substitute ^ for c. In fact, 

A($*dz n+1 A $dz n+ i) = (2.22) 
where A is adjoint operator of L which is defined locally by 

L</> = <f>A(^dz n+1 Adz n+1 ) (2.23) 

Then we can find that the connections space £{h) on the n + 1 dimensional manifold 
leads to the stable pairs space, A 1,1 ^) x 0°(X, F). 
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3. Topological Quantum Field Theory 

We can obtain the following transformation laws from the curvature formula and 
Bianchi identity for the universal bundle over M x A/Q for n + 1 dimensional manifold 



sA' = i/j, 
sA" = {, 

# = -<9 A </>,' (3- 1 ) 
s0= 0, 

Like Eq. (|2.17D , we assume that the ghost fields ip and i/> are independent of the co- 



ordinates z n+ i and Zn+i and define functions of (z\, • ■ ■ , z n , Zi, ■ • ■ , z n ). The (n + l)-th 
components i/) n +i and V> n+1 relabel as a and a which are independent of z n+ i and z n +i- 
Then we can arrive at the following transformation laws; 

sA = ip, sA" = ?/>, 

sip = -d A (j), stf = -Ba4>, 

s$* = a, s$ = a, (3.2) 
set = -[$*, </>], so: = -[<&, 0], 

S0 = 0. 

We need additional multiplets to write Lagrangian. So we introduce two pairs (A, rj), 
(£, p) and H) such that 

sA = ?7, s?7 = [</>, A], 

s£ = p, sp =[<£,£], (3.3) 

sx = H, sH=[(p,x}- 
The multiplets (x,H) are self-dual 2-forms and have the ghost number (—1,0). So the 
self-dual 2-forms x an d H can be written as 

x = x 2 '° + x 0,2 + xw, 

(3.4) 

if = if 2 - + if ' 2 + jfu, 



where x = ^-X an d H = AH. The multiplets (£, p) and (A, 77) are zero forms and have the 
ghost number (—1,0) and (—2, 1), respectively. 

In order to obtain the topological invariant action we are going to follow the procedure 
of standard BRST gauge fixing. We concern the stable pair sector with gauge coupled Higgs 
fields. So we choose the following gauge conditions 

F ' 2 = 0, 

8a® = 0, (3.5) 

1 T 

iAF + -$®$* = -I E , 

and the slice condition, 

A(8 A ip - d A $) + ® a - <g> a = (3.6) 

which are orthogonalto the variations in the pair (A, $) that can be obtained by a gauge 
transformations. 

We can obtain the action as 

S = 8 [ Tr[x°> 2 A *(F°< 2 + ±H°> 2 ) + £ A *(5 A * + \p) 

+ x(iAF + --tI e + ^H)uj A *uj (3-7) 

1 1 

+ A(A(<9aV> - <9aV0 + ® a $* ® a)u*u]. 

£ — ■ 

Then by simlpe calculation one can find that 



/ Tr[H°>' 



A *(F°< 2 + 4^°' 2 ) + P A *(8 A $ + \ P ) 
lb o 



+ H(iAF + <g> $* - ^r/ E + ^-H")w A *cu 

+ x ' 2 a (*«5uv + ^[0, *x ' 2 ]) + £ a (*a A v + ^[0, *x 2 ' ]) 

+ x{Hd A ^ + 8 A ^) + \ol <g> $* + \§ <g> a + -[(/), H]}oj A *uj ( 3 - 8 ) 

£1 4r 

+ r?{A(9A^ - <9a^) + -<& (g) a - ® a}w*cu] 

+ {\{{d\d A + d A 8 A )<P - ® [<&*, 0] + V ® 0]) 

+ A($ A [A, if;] - if; A [A, A So;]. 



H is an auxiliary field important in closing the algebra but not propagating. By using the 
Euer-Lagrange equation we can eliminating H, one finds an action, 

S =4||F°' 2 || 2 + 2\\d A $\\ 2 + \ \iAF + 1$ ® $* - \tI\\ 2 

+ [ Tr[x ' 2 A(*a^+-^[^*x°' 2 ])+^A(*a^ + ^[^*x 2 ' ]) 
Jm ib ° 

111 

+ x{A(d A ij; + d A i/>) + -a ® $* + <g> a + ~[<j>, H]}u A *w 

^ z 4 (3.9) 

11^ 

+ ??{A(d A *i/> - d A ip) + -$ ® a - <8> a}u*u] 

+ {A((<^cU + - ~$ ® [$*, 0] + <g> [$, 0]) 

+ A(V> A [A,-0] - V> A [A, V>])}w A *u]]. 

The first three terms of the action ( |3.9|) , 

4||F°' 2 || 2 + 2\\8 A <S>\\ 2 + \\iAF + i$ <g> $* - -r/|| 2 (3.10) 

can be rewritten as 

\F\\ 2 + \\D$\\ 2 + \\\$®<f>* -tI\\ 2 -r I iTrF A u) n ~ x — [ Tr(F A F) A iv n ~ 2 . (3.11) 

Jx Jx 



4' 

Here this follows from the identities, 

\F\ 2 u n = \AF\ 2 oo n + Tr(F A F) A u n ~ 2 + 2(|F°> 2 | 2 + |F 2 '°| 2 )w n , 

< zAF,$®$* > = -\\d A $\\ 2 + \\d A $\\ 2 , 

\\iAF + -$® $* - -r/|| 2 = ||zAF|| 2 + < zAF,$® $* > -r < iAF, I > 
2 2 

+ -r/|| 2 , 



4 

< zAF, I > = — I Tr(F, u)uj n = i I TrF A uj 
2?r J x Jx 



(3.12) 



and the Kahler identies, 



z[A,9 A ]=91, -z[A,a A ] = ^. (3.13) 



Finally we can obtain the invariant action 
S =\\F\\ 2 + \\D$\\ 2 + ^-\\$®$* -rl\\ 2 -r I iTrF A u n ~ 1 — f Tr(F A F) A u 
+ J X ' 2 A (*8 A j + ^[0, *Y°' 2 ]) + £ A + \[<l>, *X 2 '°]) 

£ £i 4r 

+ ?7{A(<9a?/> - 5^^) + <g> a - (g) a}cu*cu] 

+ {A((«9 A cu + d\d A )4> -U® [$*, 0] + ±$* ® [$, ^]) 

+ A($ A [A, V'] - V' A [A, A *a;] 

under the following fermionic transformations; 



n-2 



(3.14) 





sA" = 




s$ = -d A (f>, 


s$* = a, 


s§ = a, 


sa = -[$*,<£], 


sa= -[$,0], 


s0 = 0. 


^ = 


sx o,2 = 4^0,2^ 


1 r 

X = zAF + -$ ® $* ^ 


sA = 7/, 


= [0, A], 



(3.15) 



4. Observables 

In this section, we hope to find the topological invariant observables. The observables 
must be BRST invariant, not depend explicitly on the metric, and not be written as 
s-exact, sp. These operators can be constructed as certain operators 

1(0) = [ W p , q A O, (4.1) 

where W2- p ,2-q, (p, Q = 0, 1, 2), is a (2 — p, 2 — g)-form on constructed out of the fields and 
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O is (p, g)-form on M. These are 



w 4 

yv 0,0 


— ± i (p , 




yv 0,l 


— Tr(2iJj(b) 




VV 0,2 


— Tr(iJi A ill -J- 9F°' 2 /t')'\ 




yv l,l 


— Tr(9ili A nl) 4- 9 F 1,1 ^ 

— J. / \£iy /\ t *r / ? 






— i r[zip(p), 






= Tr(ip Aip + 2F 2 'V), 






= Tr(2F 2 ' A ?/> + 2F 1 ' 1 






= Tr(2F 0,2 Aifj + 2F 1 ' 1 




W 2 ° 2 


= Tr(2F 2,0 A F ' 2 + F 1 


,1 AF 1,1 



These arise from the components c'- 2 ' 2 *' -1 of the second Chern class, c 2 = Tr{TT), in the 
universal bundle. 

There are the other observables obtained by Higgs fields, 
W° ! = <9 A $* A F 1 ' 1 + d A <S> A F 2 ' , 

>Vj i0 = d A $* Aifj + aF 2 ' + aF 2 ' , 

yv\ x = a V> + A ^ + aF 1 ' 1 + F 1 ' 1 , 

Wq 1 2 = d A § A ^ + aF ' 2 + aF ' 2 , 

(4.3) 

w° 2 = a A $ a f 1 ' 1 + a^* a f ' 2 , 

W 2 o = 9a$"V + + 
>Vo >0 = Q!0 + a0. 

These are obtained by c' = Tr(ACjF) arised from the dimensional reduction where K, = 
d A $* + & A $ + a + a[§. 

We can easely show that 

dWl = sWlo, dWlo = sWl ls (4.4) 
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and one finds recursively 



8W 4 ~ p ~ q = sW 4 "?" 1 " 9 8W 4 ~ p ~ q = sW 4 " p " ? " 1 
yv p,q byv p+i,g > uyv p,q yv p,Q 



',9+1 

owl 2 = o, aw» = o. 



(4.5) 



or 



Then the integral /(C?) is BRST invariant, since 

= / sW 2 - P ,2- q AO= [ g>W 2 _ (p _ 1))2 _ 9 A O = (4.6) 

sI(O') = [ sW 2 - P ,2- q A & = I dW 2 - Pt2 -( q -i) A O' = 0. (4.7) 



Assume that O = <9cx or C = da, 



or 



i(o)= [ w 2 - p , 2 - q Ada = (-iy + ' 1 [ dm- P ,2- q A* 

J M JM 

= {-iy+*f sW 2 - {p+1) ,2- q Acr = s((-lT + i [ W 2 - ip+1) , q Aa) 
JM JM 

I{(D) = I W 2 - P ,2- g A do = (-l) p+q [ BW 2 - P ,2- q A a 

JM JM 

= (-l)H-fl [ sW2- P ,2-( q+ i) A a = s((-ir+i [ W 2 - P ,2- {q+ i) A a). 

JM JM 



(4.8) 



(4.9) 



The expectation values of such observables vanish Therefore we can obtain the observables 
of topological BRST symmetry from the de Rham cohomology classes of M. 
Let us define the map 

$>o ■ Yl HP ' Q ( M ) H^A 1 ' 1 x 0°), (4.10) 

P + q =r 

which takes the form 

*o= / W 2 - P , 2 - q AO (4.11) 

JM 

where O is a <9-closed or enclosed (p, g)-form on M. We can see that such a map corresponds 
to Donaldson map defineing over cohomology. 
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5. Conclusion 

We have shown that the vortex equations of n-dimensional Kahler manifold are given 
by dimensional reduction of Einstein-Hermitian equations of (n + 1) -dimensional Kahler 
manifold. The topological invariant action over the vortex sector leaded to Yang-Mills- 
Higgs field theory with fermionic symmetry on closed Kahler manifold. Two kinds of 
observables were obtained. One are observables from the pure gauge fields and the others 
are observables coupled the gauge fields with the Higgs fiels. These facts follow also 
dimensional reduction. However we need further to study the relation vortex moduli space 
over n dimension with Einstein-Hermitian moduli space over n+1 dimension in dimensional 
reduction. 
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